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alent to rotation of the entire chain, i.e. excitation of the 
rotational mode. 

It should be noted that this simple kinetics scheme does 
not explain the maximum in the excitation time course of 
the birefringence (Figure 4). 

Conclusions 
In this work we have measured the amplitudes and 

decay times of the first three decay modes as a function 
of pulse duration and strength, showing that the magni- 
tudes of the various decay modes are pulse width and field 
strength dependent. The field strength dependence is 
evident even under conditions where a modified form of 
the Kerr law is obeyed. Our experimental observations 
are consistent with those of Diekmann et al.," Stellwagen,'* 
and our previous work.' We have suggested possible 
pictures of the orientation mechanism of DNA in an 
electric field. Our hope is that these or similar pictures 
will give rise to a semiquantitative theory that can suc- 
cessfully explain the relatively complex behavior of flexible 
DNAs, both in an electric field and after the field is re- 
moved. 
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ABSTRACT In the framework of a microscopic many-body theory the tracer diffusion coefficient is calculated 
for a system of interacting chains with different lengths. The important argument, which replaces the 
phenomenological tube concept and allows a concrete solution of the problem, is the translational invariance 
of the interaction potential for curvilinear displacements of the segments. In a self-consistent way we obtain 
a reptation transition, where a t  a critical strength of interaction the lateral motion of the segments freezes 
in. In the long-chain limit the tracer diffusion coefficient can be decomposed as D, = Drep + D,,, where Drep 
is the reptation and D,, the constraint release mechanism. Whereas our result for Drep is in agreement with 
the phenomenological theories, we obtain a much stronger constraint release contribution. For the special 
case of a monodisperse solution, the constraint release mechanism gives the same contribution to D, as the 
reptation mechanism itself. 

1. Introduction 
Polymeric liquids are distinct from other kinds of li- 

quids, consisting of smaller molecules, because of their 

0024-9297/87/2220-2587$01.50/0 

spectacular rheological and viscoelastic properties. If a 
sudden force is exerted on a polymeric liquid, it responds 
elastically like a rubber. Only if the force acts over a 
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tions. By adjusting the components of this friction tensor, 
lateral motions of the segments can be suppressed, com- 
pared to curvilinear motion. One cannot avoid the im- 
pression that, in the extreme case where the lateral friction 
coefficient is much larger than the curvilinear one, this 
approach is equivalent to the reptation model, although 
the mathematical structure of this theory is completely 
different. 

A major drawback of the Curtiss-Bird theory is its in- 
ability to calculate this anisotropic single-segment friction 
coefficient in a self-consistent way. A self-consistent ex- 
tension of the original reptation model was worked out by 
Klein’O and Daoud and de Gennes.ll Since in reality all 
polymers around the considered test polymer are also in 
motion and since the tube is constructed to represent the 
influence of these polymers, one should allow for fluctu- 
ations of the form of the tube. This is called the tube 
renewal or constraint release mechanism. If the constraint 
release mechanism is related to rate of motion of single 
chains and it is assumed that the influence of reptation 
and constraint release on the motion of the test chain can 
be simply superimposed, a self-consistent description is 
obtained.1° This theory obtains a transition from uncon- 
strained motion to constrained motion with increasing 
chain length, similar to a thermodynamic phase transition. 
In the long-chain limit the reptation result is recovered. 
A more quantitative formulation of this theory was given 
by Graessley.12 

So far only the reptation result for the self-diffusion 
coefficient, as given above, was verified experimentally in 
a wholly convincing manner. For the shear viscosity and 
other dynamic quantities there are still unexplained dis- 
crepancies between theory and experiment. If we ask for 
the origin of this discrepancy, two possibilities are at hand. 
The first is that although the reptation picture is basically 
correct, the mean field theories presented so far are too 
simplified to account for the complicated correlations in 
a system of interacting random chains. The other possi- 
bility is that the reptation concept itself is too naive and 
the impressive prediction of the self-diffusion coefficient 
a mere accident. Such questions can only be answered if 
we go beyond the reptation theory, or reptation-like the- 
ories, and develop a microscopic theory, where neither 
assumptions about the structure nor about the mode of 
motion are made from the beginning. The hindrance of 
the motion of a chain should be related to the law of in- 
teraction between the chains in a self-consistent way. This 
certainly is a difficult program, but in its persuit we have 
the guidance of the reptation model. Only if reptation can 
be defined in a microscopic way should it emerge as a 
consequence of a property of the interaction potential, 
which is specific for systems of long chains. The result is 
that this specific property of the interaction potential, 
which substitutes the tube model and allows a solution of 
the many-body problem, is the translational invariance of 
the potential against curvilinear displacements of the 
segments. This translational invariance is strictly true only 
for infinitely long chains, with constant segment density 
along the chains. The true situation of chains with finite 
but large length and small curvilinear segment density 
fluctuations might then be treated as a small disturbance 
of the translational invariance. 

In a recent paper13 we have shown how this symmetry 
property of the interaction potential of long chains can be 
used for the derivation of a microscopic expression for the 
self-diffusion coefficient in monodisperse semidilute so- 
lutions. This theory is not a rigorous one, but the necessary 
approximations never violate the self-consistency of the 

sufficiently long span of time, the polymeric liquid starts 
to flow. This behavior may be characterized by the dy- 
namic elastic moduli, for example, by the time-dependent 
shear modulus G(t). Initially one observes’ a monotonous 
decay of G(t ) .  But then, if the molecular weight of the 
system is sufficiently large, an elastic plateau develops, 
where G ( t )  remains nearly constant over a considerable 
period of time. Finally, G(t )  continues to decay mono- 
tonically. This latter period corresponds to the observed 
slow flow of the material. The extent of the intermediate 
elastic plateau depends on the molecular weight of the 
molecules. Below a certain critical molecular weight the 
elastic plateau is not observed. Here G(t )  relaxes mono- 
tonically at all times. The most important material 
property of any liquid is the shear viscosity. Since formally 
the shear viscosity can be written as the time integral of 
G(t), it is obvious that above the critical molecular weight, 
when the elastic plateau in G(t) appears, a strong increase 
in the shear viscosity takes place. 

Since the molecular configuration of a rubber has the 
form of a network, it was suggested to explain the unusual 
elastic behavior of high molecular weight polymeric liquids 
also by a networklike structure. In contrast to a rubber, 
the net points here are not permanent junctions, but only 
temporary topological entanglements. Nevertheless, since 
the unwinding of the topological entanglement affords the 
motion of a major part of a polymeric chain, the lifetime 
of such a temporary net point can be very long for large 
macromolecules. This explains why viscous flow sets in 
only after such a long time. Despite the success in ex- 
plaining qualitatively the observed rheological and vis- 
coelastic phenomena, a major drawback of the early net- 
work theories2 was their inability to provide an expression 
for the lifetime of an entanglement. This quantity entered 
these theories only as an empirical parameter. Obviously, 
in order to calculate the entanglement lifetime, first we 
have to understand how a polymer moves in such a tem- 
porary network structure. 

In 1967 Edwards3 suggested that the motion of a poly- 
mer in a temporary network might be similar to the motion 
of a chain in a tube. In this model, the tube summarizes 
the restrictions on lateral motion of the segments of a test 
chain. A few years later de Gennes4+ concretized the 
model by defining the dynamical behavior of a chain under 
the tube constraint. Since the motion of a chain in a tube 
may be viewed as a snakelike motion, he created the word 
reptation for its characterization. A major result of this 
theory was a prediction for the self-diffusion coefficient 
of a reptating polymer: D, - M-2, M being the molecular 
weight. Since in a dilute good-solvent system D, - 
this result means a strong reduction of chain mobility for 
an entangled system. Especially, for the semidilute con- 
centration regime, de Gennes also derived the concentra- 
tion dependence of D,6 as D, - C - ~ I ~ M - ~ .  Both the pre- 
diction for the molecular weight dependence and the 
prediction for the concentration dependence have since 
been verified. The reptation theory and the tube model 
also have been worked out by a number of authors and 
further experiments have been performed to test the result. 

Doi and Edwards7 proposed the model of a “primitive 
chain”, which is allowed to diffuse only curvilinearly and 
which can change its configuration only at the ends. A 
seemingly different approach was introduced by Curtiss 
and Bird.B They start from a phase space kinetic theory 
for polymeric  liquid^.^ But then, as in the works before, 
the theory is simplified to a single-chain description in 
which, instead of the tube constraint, an anisotropic fric- 
tion tensor simulates the influence of interchain interac- 
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theory. No ad hoc assumptions about the existence or 
strength of constraints on the motion of the test chain are 
made. But, to zero order in the effects which disturb the 
translational invariance of the interaction potential, a 
transition in the dynamical behavior is obtained at  a 
critical strength of interaction. Beyond this “critical point” 
lateral motion is frozen in, due to the blocking by other 
chains. Now the chains can only move in a curvilinear 
manner, and for this mode of motion we might rightfully 
use the name reptation. To first order in the end effects, 
which disturb the translational invariance of the interac- 
tion potential, a slow lateral motion is still possible. This 
might be identified as the constraint release or tube re- 
newal mechanism of the phenomenological 
For the molecular weight and concentration dependence 
of the self-diffusion coefficient a complete agreement with 
de Gennes’ result was obtained. 

Since the constraint release mechanism is sensitive to 
the molecular weight of the test chain as well as of the 
other chains, the matrix chains, much attention has been 
devoted in recent years to mixtures, consisting of a rela- 
tively small amount of labeled polymers, the tracer poly- 
mers, with a different molecular weight than the unlabeled 
polymers, the matrix. By choosing the ratio of the mo- 
lecular weights, one expects that one can adjust the relative 
influence of the reptation and the constraint release 
mechanism on the tracer diffusion coefficient. But, 
whereas the experimental results for the self-diffusion 
coefficient are in excellent agreement with the reptation 
theory, the results for the tracer diffusion coefficient, as 
a function of tracer and matrix molecular weight, are for 
the most part in disagreement with the corresponding 
theoretical predictions. Therefore it is a natural and simple 
extension of the theory, presented in ref 13, to apply it to 
this situation and to see whether a better agreement with 
the experimental observations can be obtained. A short 
and very simplified version of these results has been 
published already.14 

Since this approach to polymer dynamics is new and 
unconventional, I will also give a better definition of 
curvilinear and lateral motion. This paper is organized in 
the following way. In section I1 a rigorous relation between 
the tracer diffusion coefficient and a generalized friction 
function is obtained. This generalized friction function 
describes the effects of interactions between matrix chains 
and the tracer chain on the center-of-mass (com) motion 
of the tracer. We simplify the expression for this function 
by a number of approximations. Finally it is written as 
the product of com propagators of the tracer and the 
matrix chains. In section I11 we discuss the above-men- 
tioned translational invariance of the interaction potential 
in terms of curvilinear displacements and those degrees 
of freedom which describe the geometrical form fluctua- 
tions of the chain as a whole. We show how the time 
evolution operator can be separated if coupling between 
these two sets of degrees of freedom is neglected. We 
calculate the com propagators to lowest order in this 
coupling and obtain a set of algebraic equations for the 
tracer diffusion coefficient in a mixture with arbitrary 
molecular weight distribution. In section IV we solve these 
equations for the special case of one tracer, with polym- 
erization index n,, in a matrix, all matrix chains having the 
same polymerization index np’ 

We derive explicit results for certain limiting cases and 
also present numerical evaluations for general values of 
n, and np’ In section V we dicuss our results in comparison 
with experimental results and the results of the other 
theoretical approaches. 
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2. Center-of-Mass Diffusion Coefficient in 
Polydisperse Solutions 

The microscopic theory for the self-diffusion coefficient 
in monodisperse solutions was based on a Fokker-Planck 
equation for the phase space distribution function of N 
interacting continuous chains, each of length L.13 The 
extension to a polydisperse solution of chemically equiv- 
alent polymers is straightforward, if we only attribute to 
each chain its own mean length L:. The indices i denote 
the chains in the system, 1 I i I N .  The Fokker-Planck 
operator takes the form 

Here si is a parameter which runs along the contour of 
chain i, r(si) and v(sJ are the coordinate and velocity of 
the chain at s,. lo is the mean distance between neighboring 
segments and m is the mass of a segmtnt in the corre- 
sponding discrete chain model. Writing D as in eq 2.1, we 
have assumed that the effects of solvent friction can be 
approximated by a single segment friction coefficient [(c). 
This does not mean that hydrodynamic interaction effects 
are completely neglected, but they are incorporated in the 
spirit of an effective medium theory in the form of a 
concentration dependence of this single segment friction 
coefficient. This should be a reasonable ansatz as long as 
we are interested in phenomena which take place over a 
length scale much larger than the range of hydrodynamic 
interaction. A further concentration dependence of l ( c )  
arises because of free volume effects at higher concentra- 
t i o n ~ . ~ ~  Thus solvent friction effects are treated in eq 2.1 
in a rather phenomenological manner. But it is the basic 
assumption of this work that reptation phenomena in 
entangled solutions are finally due to excluded-volume 
interactions that guarantees the uncrossability of two 
chains. F(si) and E(si) are the two kinds of forces which 
act on the element s, of chain i. E(s,) is the elastic force 
in the backbone of a polymer, 

F(si) is the excluded-volume force. The short-ranged ex- 
cluded-volume potential is conveniently approximated by 
a pseudopotentialZ6 

Uev = l/kBTuo 5 1/lO2 lLPds i lL ’ds j  6(r(si) - r(sj)) 
i j=1 0 0 

(2.3) 
uo(T )  is the excluded-volume parameter. In using the 
ansatz (2.3), we assume that a coarse graining has been 
performed, which averages over coordinate fluctuations on 
the scale of the range of the true interaction potential. It 
will be useful to consider also the Fourier representation 
of uev,  

(2.4) 
S’d3q means that the range of integration is restricted to 
Fourier vectors q 5 go and qc - vO-lJ3 is fixed by the 
condition ~ ~ / ( 2 a ) ~ S ’ d ~ q  = 1. 

Such a simplified ansatz breaks down close to the 8- 
temperature, since uo(8)  = 0. In principle, it would be no 
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to the fact that a t  time 0 there was a contact between 
segments s,’and sk of chains i and k. The fact that s,’and 
sk are in contact at t = 0 has to be seen together with the 
q’integral in (2.11), which gives a contribution only for 
r(s,? = r(sk). Let us now assume that this correlation at 
time t is only due to that contact a t  t = 0 that subsequently 
has been transmitted from the segments in contact to other 
segments of the same chains. Neglecting therefore the 
possibility of additional contacts at intermediate times and 
more complicated correlations between many chains, we 
simply factor the four-point correlation function as 

n, n, 
(4 )  E 81k (e-lqr(s,)e8telqr(s:)) x 

s,,s,’=l s,,s,’=l 

(eLqr(si)e8te-rqr(s,’)) (exp[-i(q’ - q)(r(s,? - r(sl?)]) (2.13) 

Note that for the factored time cprelation function the 
full time evolution operatqr exp(3t) can be used instead 
of the reduced one, exp(QQ,t). Now the q’ integration in 
(2.11) can be performed, to lowest order in q;l, 

problem to work with a more detailed expression for the 
interaction potential, simply by writing u(q) instead of 
kBTUo in eq 2.4. The actual difficulty, which is presented 
by the 0-state, is that here three-segment correlations are 
essential, whereas in our further treatment we always want 
to assume that three-segment correlations are negligible, 
compared with two-segment correlations. Therefore the 
theory which is developed here is meant to be used for 
good-solvent systems only. 

By means of a projection operator formalism one derives 
the following result for the center-of-mass diffusion 
coefficient of polymer i in terms of a generalized friction 
function, 

kBT/ ni 
1 m  
3 0  

Di -1 dt (uiefitui) = - [f(c) + Afi] (2.5) 

and 

(2.6) 

Here ni isshe polperization index of polymer i, ni = Lp/lo, 
Qi = 1 - Pi, and Pi projects an arbitrary phase space var- 
iable onto the com velocity of polymer i, 

Fi is the total interaction force on i, 

(2.7) 

Using the excluded-volume potential, eq 2.4, we obtain 

where ci(q) denotes the Fourier transform of the segment 
distribution of polymer i, 

(2.10) 

The results (2.5) and (2.6) are simple extensions of the 
results that were obtained for the monodisperse case, using 
now only the Fokker-Planck operator (2.1) with an indi- 
vidual length for each polymer, instead of the corre- 
sponding operator used in ref 13, where all polymers were 
assumed to have the same length. If we insert eq 2.9, the 
friction coefficient Ati, which results from interactions of 
polymer i with all other polymers, takes the form of a time 
integral over a dynamic four-point correlation function of 
the segment distribution fluctuations, 

qr c (c,(a)c](-q)e”~~C,(q~)Ck(-q’)) (2.11) 
1751 

k # i  

So far the result given in eq 2.5 and 2.11 is rigorous on the 
basis of our model, defined in eq 2.1-2.4. The dynamic 
four-point correlation function in eq 2.11 can more ex- 
plicitly also be written as 

n, n~ nk 
(4 )  = c (e-rqr(s,)eiqr(s,)e8g,tercl.r(s,’)e-iqr(sk) x 

s,,s,’=l s,=lsh=l 

exp[-i(q’ + q)(r(s,? - r(sk))l) (2.12) 
where for the moment we went back to a discrete chain 
model. This expression describes a correlation between 
segments s, and sI of chains i and j at  time t ,  correlated 

-q2kBTuo( 6(r(si? - r(s,?)) (2.14) 

which is just -q2 times the mean excluded-volume inter- 
action between the segments s i r  and sj’. Except for seg- 
ments close to the ends of the chains, all segments will be 
statistically equivalent. Neglecting such end effects we 
may write 

c p ( C ) / v  = UokBT!~(8(r(Si? - r(S;?)) (2.15) 

for any pair of segments. The quantity p(c) is the mean 
excluded-volume energy between two segments. In 
mean-field treatment one simply has p(c) = u&BT. In 
general cp(c) depends on concentration, temperature, and 
other thermodynamic parameter of the system but not on 
the molecular weights of the polymers. Using now eq 
2.13-2.15 in eq 2.11, we obtain 

(2.16) 

where SYh(q,t) is the single-chain coherent dynamic 
structure factor of chain i, 

S?h(q,t) = (ci(q)ehtci(-q) ) (2.17) 

Since the upper limit of the q integral goes to infinity for 
small excluded volume, the integral will be dominated by 
the large q contributions. This can be seen by introducing 
a scaled integration variable K = q/q,. Then 

UO lim -1 d3q q2SiCOh(q,t)Sjcoh(q,t) = 
u o ~  (2a)3 

l ‘ d ’ ~  K 2  lim SYh(qcK,t)SjCoh(QcK,t) (2.18) 
4c“ 

In the limit of large wavevectors, the single-chain dynamic 
structure factor goes over into the incoherent scattering 
function, since all the interference terms between different 
segments in SYh(q,t) vanish in this limit. This can be 
shown explicitly for Gaussian chain models, but it can be 
expected that this relation is much more general and does 
not depend on a specific chain model. Then 

lim SiCoh(qcK,t) = S?(qcK,t) (2.19) 
,?e-- 

where 
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L,o 

Treating again all segments as statistically equivalent, we 
obtain 

Si iyq, t )  = (l / lo) s dsi (e-iqr(ei)eateicl.r(si)) (2.20) 
0 

S?(q,t) = niRi'(q,t) (2.21) 

where Ril(q,t) is the dynamic propagator for a single seg- 
ment of the chain i. Now eq 2.16 becomes 
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ollary, one can also say that the direction of interaction 
forces is always perpendicular to the local axes of the two 
chains a t  the point of contact. These statements are only 
true as long as we do not consider end effects and as long 
as we are allowed to describe a polymer in the framework 
of the usual two-parameter theory, as a structureless 
continuous chain. Then, if we would make a drawing of 
our system, we would simply draw a line for a polymer. 
In this picture, interaction between two polymers means 
that two lines meet somewhere. In three dimensions 
typically two lines meet transversely. Since for the 
short-ranged forces, which we assume in our model, their 
direction is parallel to the vector of closest distance be- 
tween the two lines, it follows that the force direction is 
also transverse to both lines at the point where they meet. 

These properties of the interaction between two polymer 
chains are of central importance for the method by which 
we will calculate the dynamic friction function, which we 
also want to suggest in a more general context as a suitable 
way for the treatment of the dynamical properties of en- 
tangled polymeric liquids. Therefore it seems worthwhile 
to consider the separation of curvilinear and of lateral 
displacements in detail. The way this was done in our 
previous paper was not entirely precise. 

Let us first consider what we mean by curvilinear 
motion. Curvilinear motion means that a segment just 
follows the line that the polymer forms. Then, at any later 
time the position of a segment si will be at a place where 
some other segment of the same chain, lets say sif, has been 
before, 

(3.1) 
This equation, which is the basis of the Doi-Edwards 
theory,' defines curvilinear motion. We expand the 
equation for small T and small si - si', 

7 + ... = r(s,,t) + - ( s i f -  si) + ... r(si,t) + - 

r(si,t + 7) = r(sif,t) = ro 

dr(si,t) d rE, t )  Id 
dsi 

(2.22) 

and we understand that this expression should be evalu- 
ated to lowest order in uo. The physical interpretation of 
this result is very clear: the friction which polymer i feels 
due to interaction with the other polymers results from 
the sum of excluded-volume interactions between the 
segments. Since excluded-volume interactions are ex- 
tremely short ranged, the different contacts that a chain 
has are treated as uncorrelated. But since the segments 
in contact are connected with their neighboring segments, 
they cannot move independently from the rest of the chain. 
Therefore, after sufficiently long time, global chain prop- 
erties will determine the single-segment propagators. It 
is this dependence of At i  on global chain properties that 
we are looking for. For sufficiently long times the dis- 
placement of a segment is determined by center-of-mass 
motion alone, thus we can write 

Ri'(q,t) = Rim(q,t) + mi'(q,t) (2.23) 

Rrm(q,t) is the com propagator of chain i, 
Rim(q,t) = (e-iqriefiteiqri) (2.24) 

where ri is the com coordinate of chain i, 
r ,  = -lL'dsi 1 r(si) 

LiO 0 
I (2.25) 

and ARil(q,t) is a function which is characterized by in- 
ternal relaxation processes of the chain. The com propa- 
gator depends strongly on the molecular weight of a chain. 
In the long-chain limit, Rim(q,t) - 1 for ni - m, and the 
corresponding contribution to the friction coefficient A t  
becomes singular in this limit, since then the time integral 
in eq 2.22 diverges. In contrast, for noninteracting 
Gaussian chains one can show explicitly that internal re- 
laxation processes become independent of molecular 
weight. Although this is a much more subtle point for a 
system of interacting chains, we will here assume that also 
in this case the contribution of ARi(q,t) to the time integral 
in eq 2.22 behaves regularly in the long-chain limit. Then 

ACi = At:'" + A t F g  (2.26) 

(2.27) 

and A&% gives the rest of the terms, which result from the 
decomposition (2.23). In the following we will disregard 
the regular part of Ati, setting Ati  N At:;.8in, which becomes 
correct in the long-chain limit. 

3. Separation of Curvilinear and  Lateral Degrees 
of Freedom 

In a previous paper13 we have used the argument that 
the interaction between two polymers should not depend 
on curvilinear displacements of the segments. As a cor- 

(3.2) 
or, for 7 - 0, 

Here dsi/dt is the change in the segment index seen by an 
external observer at r,. Now, if this observer interads with 
that segment of the chain which is at ro, he will not care 
about the segment index, as long as the interaction law 
does not depend explicitely on it. Therefore the interaction 
will not be changed by curvilinear motion. Equation 3.3 
also says, although this is also intuitively clear, that cur- 
vilinear motion goes in the direction of the local tangent 
vector of the chain. By introduction of the contour length 
of the chain as 

the local tangent vector is 

(3.4) 

(3.5) 

i(si) is a unit vector, If(si)l = 1. Then eq 3.3 can be written 
as 

dl(si) dsj 
dSi dt = f(sJ - - 

(3.6) 
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By eq 2.3, Uev is a functional of the vectors [r(si), 0 < si 
6 Lo]. Taking eq 3.4 as a transformation law between 
parameters li = l(si) and si, we may also consider li as the 
independent parameter and describe the contour of the 
chain by [r(li), -L: < li 6 L;]. In order to treat the two 
ends of the chain on the same footing, we have shifted the 
origin of the contour length to the middle of the chain, 
l(si/2) = 0, l(0) = -Lr and Z(L:) = L;. The total contour 
length of chain i is Li = Lia + Lib. The transformation 
between r(li) and r(si) can be written as 

(3.7) r(li) = SLpds i  6(si - s(li))r(si) 
0 

and 

which has to be supplemented by eq 3.4 and the corre- 
sponding back-transformation, to obtain s(li). For our 
purpose it is sufficient to know that the back-transfor- 
mation exists. 

Whereas r(si) gives us the full information about the 
position of the physical chain elements, r(li) has lost the 
details of the distribution of segments along the contour 
of the chain. Therefore r(li) only characterizes the geo- 
metrical form of the chain. The curvilinear degrees of 
freedom are given by l(sJ. If we now express the exclud- 
ed-volume potential (2.3) by this new set of degrees of 
freedom, we obtain 

(3.9) 

which now is a functional of [r(li), s(li), -Lr < li < L;]. The 
interesting point is that the law of distance depends only 
on the geometrical form fluctuations, but not on the cur- 
vilinear degrees of freedom. The latter enter the inter- 
action law merely in the form of a renormalization of the 
excluded volume parameter, uo(dsi/dli) (ds ,/dlj). Since l0-l 

ds(li)/dli is just the curvilinear segment density a t  li, the 
physical meaning of this renormalization of the exclud- 
ed-volume parameter is immediately clear: the effective 
strength of the interaction at  a contact point has to be 
proportional to the local segment densities of both chains. 
A further dependence on curvilinear degrees of freedom 
is seen in the contour lengths of the end points of the 
chains, Lis, Lia, Lie, Lie. For finite chains this end depen- 
dence of Uev will always be present, but the influence of 
curvilinear density fluctuations will be small, compared 
to the change in energy which is produced by a contact or 
a separation of two chains. 

We assume now that fluctuations in the curvilinear 
segment density are small, compared to the equilibrium 
density, which is low1. Setting therefore dsildli = 1 and, 
consistent with this approximation, Lr = LF = L/’/2, we 
obtain 

(3.10) 

On a first view this looks the same as our starting ex- 
pression, eq 2.3. The important difference is that the r(1J 
now has a different meaning, compared to r(si). 

The second important quantity, which we have to con- 
sider with respect to a decomposition in curvilinear and 
geometrical form fluctuations, is the functional derivative 

/-77, 

I 
Figure 1. Curvilinear and lateral displacements. 

6/6r(si). Multiplying with the tangent vector, we obtain 
the parallel component of the derivative as 

It would be tempting to identify the lateral components 
of the functional derivative with the derivative with respect 
to r(li), which describes the geometric form of the chain. 
If we look at Figure la, we see indeed that a lateral dis- 
placement is always connected with a change of the form 
of the chain, and vice versa. Then one would obtain a 
simple decomposition 

(3.12) 

where, according to eq 3.11, 

Unfortunately, the true decomposition is not as simple. 
Physically, the r(s,) are the independent degrees of free- 
dom of our system, 

Ws,)/6r(sl? = 6(s, - sl’l (3.14) 

and not the l(s,), r(1,). If we now chose to treat the latter 
set of variables mathematically as independent quantities, 
we have to account for the physical coupling between these 
variables in our time evolution operator. Figure l b  illus- 
trates the nature of this coupling: a lateral displacement 
of segment s,, which does not change the contour length 
of that segment, produces a displacement in r(Z,). But it 
also changes automatically the contour length of all seg- 
ments s,’ > s,, and therefore also the position of the length 
element l,‘, r(lL’), although the position of the segments,’, 
r(s,’), is not changed. Comparing parts a and b of Figure 
1, we see that this nonlocal coupling among the length 
elements is negligible if the curvature radius at s, is large, 
compared with the displacement, i.e., if the curve is suf- 
ficiently smooth on that length scale. The complete form 
of the functional derivative is worked out in the Appendix. 
Here, in order to proceed, we simply assume that we 
consider the chains on an already coarse-grained length 
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scale, on which this condition of smoothness is fulfilled. 
So we will use eq 3.12 for the decomposition of the func- 
tional derivative as an approximation, instead of the 
complete relation (A6). 

In fact, analogous assumptions of smoothness also had 
to be introduced into the reptation models of de G e n n e P  
and Curtiss and Bird.8 Since it is our aim to give a self- 
consistent description of the dynamics in entangled poly- 
meric liquids (although the concept of entanglements is 
never explicitely used), one might rightfully ask here 
whether by this assumption of smoothness we have now 
put into the theory that feature which we actually want 
to obtain as a result: reptation. But this is not the case. 
The essence of the reptation picture is a freezing in of 
lateral motion. In the phenomenological models this is 
accomplished by a by postulating curvilinear 
motion according to eq 3.1 from the beginning,’ or by 
introducing an anisotropic effective friction coefficient for 
each segment, which hinders lateral motion more strongly 
than the curvilinear motion.8 In the approach presented 
here, such concepts are not used, but the hinderence of 
lateral motion comes as a collective effect, due to the in- 
teraction between the chains. In a simple liquid increasing 
interaction effects would lead to a slowing down of all 
degrees of freedom, leading finally to a solidification. The 
reason why for a polymeric liquid only lateral motion is 
affected comes from the specific, highly anisotropic form 
of the interaction potential of two chains, as we have 
outlined before. Therefore, not the smoothness assump- 
tion, but only the interaction law between chains, will be 
responsible for reptative motion. 

If we now calculate the interaction force on a segment, 
on the basis of eqs. (3.10) and (3.12), we obtain for the 
tangential component 

= -Uok,T[G(l(sJ - L?/2) - 6(l(~i) + 6 u e v  
f(si).F(~J = -- 

61(s;) 

Tracer Diffusion in Polymeric Mixtures 2593 

another chain, should be seldom (of S(l/L,O)) compared 
to interactions of inner segments of the same chain. Then 
the tangential compnent of the excluded-volume force will 
be negligible, and Q” describes the curvilinear motion of 
N independent Rouse chains, 

The lateral component is 

(3.16) 

The elastic force E(si) is readily expressed in Z(sJ and r(li) 
as 

Now, d2r(li)/dl? = di(li)/dli, which is always normal to the 
tangent vector. The absolute value of df(li)/dli is just the 
inverse of the curvature radius. Therefore, in order to be 
consistent with our assumption of a locally smooth chain, 
we will neglect this second term in the elastic force and 
we keep only the first one, which describes the elasticity 
of the curvilinear fluctuations, ’ 

(3.17b) 

After all these steps we can write the Fpkker-Planck ?p- 
erator as the sum of a curvilinear term Q” and a term W, 
which describes the evolution of the topological structure 
of the system, irrespectively of the actual segment dis- 
tribution along the chains. 

8 = 8 1 1  + 81 (3.18) 

These events, where the end of a chain interacts with 

For fiL we obtain - 

6 +--I(-- ’(‘) ’ kBT ’ + vA(si))] (3.20) 
6Vl(li) m 6vqsj) m 6 V l ( S J  

Here we have also defined curvilinear and lateral velocities 
U ” ( S i )  = i(SJ.V(Si) (3.2 la) 

+(Si) = v(s;) - U ” ( S i ) i ( S J  (3.21 b) 

and vi(li) means vA(l(si)). Changing from s integration 
to 1 integration we have again, as for eq 3.10, assumed a 
preaveraging over curvilinear density fluctuations, setting 

Q” is completely &dependent of the topological structure 
of the system, and flL depends on the curvilinear degrees 
of freedom only by a dependence on the positions of the 
ends, since the 1 integrals should be understood as 

dsjldli = 1. 

L?/2 
lLpi2dl i  ... Jmdli 8(li - l(si=O))e(Zi + l(L?)) ... (3.22) 

-m 

All approximations which we have made so far, preaver- 
aging over curvilinear density fluctuations in those terms 
which depend primarily on the geometrical form fluctua- 
tions of the chains, the assumption of local smoothness, 
etc., have been made because of mathematical convenience 
or necessity. We consider them as not essential for the 
physical problem. But neglecting now the end effects in 
Ql is really a t  the heart of this theory. The idea is that 
in general the force autocorrelation function (2.6) will be 
dominated by interactions between inner segments of the 
chains and the relaxation of the function is largely de- 
termined by lateral motions of the segments, described as 
a fluctuation in r(li). But if lateral motion can freeze in, 
then this mechanism no longer exists and then a force 
between two chains can relax only if one of the chains has 
moved so far that one of its ends has reached the point 
of contact. In such a situation this small relaxation 
mechanism becomes the only one left. Therefore we are 
not allowed to neglect the dependence of the excluded- 
volume potential completely, but we have to retain it to 
the lowest order. This was the reason why we used the 
complete Fokker-Planck operator (2.1) for the derivation 
of eq 2.5 and 2.6. But now, in the spirit of an expansion 
with respect to end effects, we neglect such end effects in 
the time evolution operator. Then, for the use in ex- 
pression 2.27 for A{?, we calculate the com propagator 
as 

It is not proposed that this formula should lead to an 
acceptable result for the com propagator per se. 
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on. Instead of this, the form (3.31) is only used for the 
calculation of the friction coefficient Ali,  eq 2.27. Per- 
forming now the time and the q integration in eq 2.27 and 
using eq 2.5 we obtain 

Since in this expression only the curvilinear time evo- 
lution operator depends on curvilinear velocities, we can 
perform the average over [v”(si)] separately. Asuming that 
the velocities relax to equilibrium much faster than the 
coordinates, we that 

(efi”t),,, = eBD’’t (3.24) 

Here fiD” is the diffusion operator for a one-dimensional 
chain, 

(3.25) 

Let us consider first an expression like 
(e-iqri fjDll ,.. 

where ( ... means an integration over all phase space var- 
iables, S d r  ... Using the fact that the integral over all 
internal forces of a chain vanishes, 

we obtain easily 
3 L,o 

( e-iqrifiDt’... = Dit’( dsi (f(si).q)2e-iqrz ... (3.27) 

If we perform a preaveraging over the tangent vectors in 
the first term, we obtain 

(e-iWifi,,!l... Dif1q2 (e-iWi ... (3.28) 

where 

(3.29) 

is the com diffusion coefficient of a one-dimensional Rouse 
chain. Now the com propagator can be factorized in a 
curvilinear term and in a term that describes the evolution 
of Rim(q,t) under the action of the lateral operator alone, 

Rim(q,t) = e-D,”q2t(e-iqr,efiLte’a.r,) (3.30) 

The second factor in eq 3.30 has the same formal structure 
as the complete propagator itself, the only difference being 
that here only the lateral component of the Fokker-Planck 
operator appears, instead of the full operator, (2.1). The 
calculation of this lateral propagator can therefore proceed 
in exactly the same manner as the calculation of the full 
propagator. For sufficiently long times the motion be- 
comes diffusive. Then 

R y ( q , t )  = e-Di”q2te-QLq2t (3.31) 

where 

Dii = t / , xmdt  (vi.efiLtviL) (3.32) 

and vii is the lateral com velocity of chain i, 
1 

viL = - JL’dsi vi(si) 
L/J 

(3.33) 

The approximative result for the com propagator, eq 3.31, 
seems to suggest that the com diffusion can be written as 
the sum of independent contributions from curvilinear 
diffusion and lateral diffusion. Again it is important to 
stress that this assumption is too crude in general, since 
it would amount to a complete neglect of the coupling 
between curvilinear and lateral motion. Especially in the 
reptating state this is not justified, as will be shown later 

(3.34) 
where Di” is given by eq 3.29. 

Due to the formal similarity in the definitions of Di, eq 
2.5, and Dii, eq 3.32, we obtain a result for DiL by simply 
following the steps which have led us to eq 3.34. The only 
differences arise because the lateral velocity autocorrelation 
function is completely independent of curvilinear dynam- 
ics, and the degrees of freedom are reduced, thus 

kBT 
(Vi’.Vil)  = 2- 

nim 
(3.35) 

Then we obtain a self-consistent set of algebraic equations 
for the Dii ,  

The solution of these equations, together with eq 3.29, 
allows for the determination of the com diffusion coeffi- 
cients by eq 3.34. The parameters, which determine the 
solution, are the concentration-dependent single-segment 
friction coefficient {(e), the concentration-dependent in- 
teraction strength p(c), and distribution of polymerization 
indices (nil. In general, a solution of eq 3.36 will only be 
obtained numerically. But for the special case of one tracer 
polymer, with polymerization index n,, in a matrix of other 
polymers of the same kind, but with polymerization index 
np, we can obtain an analytic solution and discuss the result 
in detail. 

4. Diffusion of a Tracer Polymer in a Matrix 
with Different Molecular Weight 

We consider now a system, consisting of a solvent, one 
single polymer, the tracer, and N other polymers, which 
form the matrix. Both kinds of polymers are of the same 
species and differ only in their molecular weight. The 
molecular weights are characterized by the polymerization 
indices, n, for the tracer and np for the matrix. If N is 
sufficient large, the influence of the tracer polymer on the 
properties of the matrix can be neglected and the com 
diffusion coefficient of the matrix polymers is just the same 
as for a system where all the polymers have the same 
molecular weight np. Then 

= 0 for np 2 n, (4.1) 
Here n, is the critical polymerization index, where ac- 
cording to eq 3.39 the lateral motion of the matrix poly- 
mers freezes in, 

(4.2) 

AF(c) is the excluded volume contribution to the free en- 
ergy density, 

(4.3) 
and c is the concentration of matrix segments, c = Nnp/ V 
According to eq 4.2 and 4.3 the critical polymerization 
index n, is just 2 times the ratio betwen kBT and the mean 

1 P(C) c 1 W C )  n,-l = - - = - - 
4 kBT 2 CkBT 

AF = ( U ” )  /v = 1/2(p(c)c2 
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interaction energy per chain. For the special case of a 
tracer polymer in a matrix eq 3.36 becomes 

Tracer Diffusion in Polymeric Mixtures 2595 

or 

(4.5) 
For np & n, (DpL = 0) ,  the solution is 

= 0 for n, 3 l/zn, (4.6) 
We interprete the vanishing of the lateral diffusion coef- 
ficient as a transition to a dynamical state in which the 
com of a polymer can move only by curvilinear motion, 
that is, reptation. An interesting feature of the result above 
is that in a matrix of sufficiently long polymers, which are 
already in a reptating state, the reptation transition of the 
tracer polymer takes place at a polymerization index which 
is only half of the critical polymerization index of the 
matrix. In the conventional tube model the reptation 
transition corresponds to the formation of a tube. For the 
matrix this is a cooperative process, involving the dynamics 
of pairs of polymers. But for the tracer, if the lateral 
motion of matrix polymers is already frozen in, lateral 
friction can only relax by lateral motion of the tracer itself. 
Therefore, given a certain polymerization index n, the 
hindrance of the lateral motion of a polymer in a laterally 
frozen in matrix is larger, compared to the case where all 
polymers have the same polymerization index. For np G 
n, (DPL the solution of eq 4.5 is 

2 
D , l = - - - [ l - ~ - ~ + ( ( l - ~ - ~ )  2 kBT 1 nt + 

3 nt lk )  2 

4( 2 - :))'''I (4.7) 

In this cme no reptation transition of the tracer polymer 
is obtained. The actual tracer diffusion coefficient is, from 
eq 3.34, 

Then, using eq 4.1 and 4.6, we obtain for the case np 2 n, 

(4.9) 
The result for D, in the case np 6 n, is too lengthy to be 
written in a closed form. It can be obtained by inserting 
eq 4.1 and 4.7 and the expressions for the Dt,;', eq 3.29, 
into eq 4.8. 

We observe the existence of three different dynamic 
regimes: (a) np < n,, the lateral motion of both tracer and 
matrix are only hindered by interaction; (b) np & n,, n, < 

C . 
E 
1 

0 - 

1 

0 

-1 0 

Figure 2. "Dynamic phase diagram" for the tracer diffusion 
coefficient. 

nc/2, the lateral motion of the matrix is frozen in, but the 
lateral motion of the tracer is only hindered; (c) np 2 n,, 
n, 3 nc/2, the lateral motion of both tracer and matrix are 
frozen in. This is also shown in the form of a dynamic 
phase diagram in Figure 2. We should keep in mind here 
that if we talk about "laterally frozen motion", this only 
is true up to the approximation, in which end effects are 
neglected. If a polymer interacts by its end segment with 
a second polymer, then a small curvilinear displacement 
of the first polymer will remove the hindrance to the 
second polymer, and a small local lateral motion in this 
second polymer can take place. Such processes are ne- 
glected in the self-consistent calculation of DtL and DpL, 
but they are taken into account in the calculation of the 
true diffusion coefficient D,, as a perturbation. 

Four cases now are of special interest: a long tracer 
polymer in a matrix of much shorter polymers, n, >> n,; 
a tracer polymer which is much smaller than the matrix 
polymers, n, << n,; both kinds of polymers much larger 
than the critical polymerization index, n, and np >> n,; and 
a tracer with the same length as the matrix polymers, n, 
= np = n. This last case is just self-diffusion of a polymer 
in an unimodal solution and has been treated before.13 The 
result is 

for n 2 n, (4.10) 
kBT 1 =-  
nt(c) 1 + 2n/n, 

(i) II, >> II : Rouse-Like Behavior. For np G n, we 
observe that b/ + D,' >> D/ + DtL. Then, using also 
eq 4.1, we can simplify eq 4.8. For np 2 n, we use directly 
eq 4.9. From both formulas we find that D, can be written 
in form of a Rouse-like diffusion coefficient, 

(4.11) 

where the effective friction coefficient depends only on 
concentration and polymerization index of the matrix, but 
not on n,, 

= tW( 1 + 2 )  - for np 3 n, 

(4.12) 
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Figure 3. Comparison of the self-diffusion coefficient D, (nt = 
np), the tracer diffusion coefficient in frozen matrix Dtm(np= m) 

and the tracer diffusion coefficient D, for a matrix with np = 10n, 
(broken line). 

Igt nt In, 

(ii) II , >> 11 t: Diffusion in a Frozen Matrix. Since 
here Dpll << D(' and DPL << DtL,  we obtain in this limit 

nC 

I t  is interesting to compare Dt" with the self-diffusion 
coefficient D,, eq 4.10. Both diffusion coefficients are 
shown in Figure 3. We observe that in the frozen matrix 
the effect of interactions is just twice as large as in the case 
where both interaction partners have the same mobility. 
Therefore, for given n,/n,, D, is always larger than D,". 
Also, the reptation transition takes place already at  a 
polymerization index n, = nc/2, compared to the case of 
self-diffusion, where the transition is just a t  n,. 

(iii) II p, n , >> n c: Reptation and Constraint Release. 
From eq 4.9 we obtain in this limit 

D, = --(: 1 kBT + z )  (4.14) 
4 ntl(c) 

The first term corresponds to diffusion in a frozen matrix, 
eq 4.13, in the limit n, >> n,. This is the situation for which 
the tube model was meant originally, therefore we may 
identify this term as diffusion by reptation, 

Drep 3 Dt"(nt-+m) = - - kBT - nc (4.15) 
4 ntllc) n, 

The second term obviously is Rouse-like, it is also obtained 
from eq 4.12 in the limit np >> n,. If we trace back the 
origin of this contribution to the dynamic friction function, 
eq 2.27, we see that it is due to a relaxation of interaction 
forces by curvilinear diffusion of matrix polymers. This 
mechanism has been incorporated in the phenomenological 

0 -  

-1 - 

-2 - 

-3 - 

-4 - 

Figure 4. Dt as a function of the tracer polymerization index 
n,, for various values of the matrix polymerization index in units 
of the critical polymerization index. 

tube model under the name constraint release diffusion, 
and, therefore, in our treatment we may call 

(4.16) 

the constraint release diffusion coefficient. Then eq 4.14 
is expressed as 

Dt = Drep + Dcr (4.17) 

or 

But this result for the constraint release mechanism is in 
marked contrast to the results of the tube model.l+12 We 
will discuss these theoretical results, as well as experi- 
mental results, in the next section, but one important point 
should be outlined already here. For the case of self-dif- 
fusion, n, = n,, eq 4.18 gives 

D, = 2DreP = 20," (4.19) 

for n,/n, >> 1. In the phenomenological tube model the 
results for the constraint release mechanism predict that 
constraint release should become unimportant in the 
long-chain limit, therefore D, = D,, = D," for n,/n, >> l! 

In contrast, the result of our theory here states that the 
constraint release mechanism is always important for the 
self-diffusion coefficient and contributes just as much as 
reptation of the test chain alone. It is interesting to note 
that originally de Gennes expressed the opinion that 
"reptation inside the tube and reorganization of the tube 
give comparable contributions to the relaxation of 
 entanglement^".^ 

So far we have discussed our results for D,, eq 4.8 and 
4.9, only for some idealized asymptotic cases. But ex- 
periments are always performed at finite values of the 
molecular weight. Therefore, in order to gain insight in 
the general behavior of the tracer diffusion coefficient as 
a function of the polymerization indices of tracer and 
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matrix, we present in Figures 4 and 5 numerical evalua- 
tions of eq 4.8 and 4.9. Figure 4 shows Dt at  fixed values 
of np as a function of q. This corresponds to vertical paths 
through the "phase diagram", Figure 2. All the curves in 
Figure 4 show the same qualitative behavior. We observe 
two Rouse regimes, where D, - nL1, for small n, and again 
for large n,. In the first Rouse regime, friction is due to 
the solvent; in the second Rouse regime the friction on a 
long tracer polymer is dominated by interactions with the 
shorter matrix polymers. The crossover between both 
Rouse regimes is rather smooth for the examples where 
the matrix polymerization index is smaller or of the order 
of the critical polymerization index. If np is sufficiently 
large compared to n,, then the crossover between the two 
Rouse regimes might be interpreted as an extended power 
law regime on its own. One would expect here to observe 
a typical reptation behavior. Surprisingly, even for the 
curve with np = loon,, the apparent power law exponent 
is not -2, but more like -1.8. One has to go to an extremely 
high matrix polymerization index (n, 1000n,) in order 
to find the reptation prediction Dt - nCa. 

Another example, which shows the discrepancy between 
the idealized idea of tracer diffusion in a frozen matrix and 
the real situation, where tracer polymers diffuse in an 
entangled matrix, is given in Figure 3. The broken curve 
shows D, for np = lOn,. Although the lateral motion of the 
matrix is completely frozen in, agreement with the D," 
curve is observed only for the uninteresting regime nt < 

In Figure 5 we finally show Dt for fixed values of n,, as 
a function of np, corresponding to horizontal paths through 
Figure 2. For small np, D, is independent of np' At  large 
np, again a plateau is reached, where D, is independent of 
np. In between, for n = n,, we observe the reptation 
transition in the form ofa cusp. Again, for the curves with 
sufficiently large n,, Dt seems to follow a power law for np 
> n,, before it crosses over to the large np plateau. From 
our discussion of asymptotic limits, eq 4.12 in this case, 
we would expect a power law exponent of -1. But even 
for the curve with n, = loon, one rather extracts an ap- 
parent exponent of -4.9. Again, as in Figure 4, we find 
agreement with the idealized asymptotic calculation only 
when the tracer molecular weight is much larger than the 
critical molecular weight, for nt N 1000n,. 

5. Discussion 
The most striking difference between the results, pres- 

ented in the last section and the corresponding results of 
the phenomenological reptation theories, is the relative 
importance of the constraint release, or tube renewal 
mechanism, as compared to the reptation of the tracer 
polymer itself. Whereas originally de Gennes postulated 
that constraint release should contribute to the tracer 
diffusion coefficient as D,, - n,/(n,n,), later on Klein'O 
and Daoud and de Gennes" concluded that the rate of the 
constraint release mechanism should be much weaker and 
its contribution to the diffusion coefficient only of the form 

D,, - n,3/(ntn,3) (5.la) 

Recently, Klein16 corrected this prediction by taking into 
consideration correlations between the constraints, which 
hinder the lateral motion of the tracer polymer. This leads 
to a slight enhancement of the constraint release mecha- 
nism and D,, is changed to 

D, - nz.5/(ntnp2.5) (5.lb) 

Our own result, eq 4.16, which was obtained without 
making any assumptions about entanglement densities or 

n,/2. 
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rates of constraint release processes, now actually comes 
back to de Gennes' original prediction. The significance 
of the difference between the result (4.16) on the one hand 
and (5.la) or (5.lb) on the other hand can be seen best in 
Figures 3 and 5. 

If the results of the tube model would be true, then for 
n, >> n, the self-diffusion coefficient D, should be the same 
as the diffusion coefficient of a tracer in a matrix with 
infinite molecular weight, D,". In contrast, our result says 
D, = 2D,", if n, >> n, >> n,. Even at the largest molecular 
weights, self-diffusion is always faster than the diffusion 
of a tracer in an immobile matrix. According to eq 5.la 
and 5.lb, with increasing molecular weight of the matrix, 
constraint release processes should become unimportant 
when np > n,. Then the large molecular weight plateaus 
would be reached for all curves in Figure 5 at  the same 
molecular weight, slightly above n,. But, according to our 
result, the crossover occurs for each curve at  a different 
molecular weight, when np N n,. 

So far, besides an early work of Klein,17 only one detailed 
experimental studylsJ9 of tracer diffusion in melts found 
agreement with the established model on the constraint 
release mechanism, eq 5.la or 5.lb, respectively. Both 
versions for D,, give an excellent fit to these experiments, 
the difference between both theoretical results being so 
small that from the experiments no could not decide which 
one is the better one. Although this experimental test of 
the reptation theory looks very convincing, the results have 
been questioned by McKenna?O who noticed that the data, 
if evaluated for the special case of self-diffusion (n, = np), 
are not consistent with the experimentally observed n-2 
dependence of the self-diffusion coefficient in the same 
range of molecular weights. 

All other measurements of the tracer diffusion coeffi- 
cient, in melts21p22 as well as in semidilute sol~tions,2~ 
clearly indicate a much stronger influence of the constraint 
release mechanism and are qualitatively in good agreement 
with our own result, eq 4.16. In melts, Smith et a1.21 
measured D, as a function of the matrix molecular weight, 
for different values of the tracer diffusion coefficient. For 
np > n,, they find that the dependence of D, on np increases 
when the tracer polymer becomes longer. If the data are 
fitted to a power law, D, - np-x, the apparent exponent 
x is a function of n, and increases with increasing n,. For 
the longest tracer an experimental value x N 0.93 is ob- 
tained. This is in agreement with our Figure 5, which 
shows that the asymptotic result, x = 1, is in fact only 
obtained for very large values of n,. In contrast, the 
phenomenological reptation model would suggest that no 
dependence on matrix molecular weight should be ob- 
served at  all, for np > n,. Unfortunately the experiments 
were restricted to the case np < nt, so that the extent of 
the constraint release (or tube renewal) regime could not 
be determined. Smith et al. also show D, as a function of 
the tracer molecular weight, for different values of the 
matrix molecular weight. Also this figure (Figure 5 in ref 
21) is qualitatively similar to our Figure 4, insofar as for 
np > n, no simple power law dependence is seen, but the 
slope of log D, versus log n, decreases continuously as n 
increases. Finally, for the largest value of np, D, - n;1.8 
for large n, is obtained. Again, this is in agreement with 
our finding that the asymptotic exponent, -2, is obtained 
only when np >> n,. Also the case of self-diffusion is con- 
sidered and the results are in good agreement with D, - 
n-'. It was also noticed that the result for D, appears to 
be a combination of both a motion of the tracer and motion 
of the surrounding matrix. 
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from the experiments of Smith et a1.21 and Antonietti et 
a1.22 Again it is found that Dt depends on the matrix 
molecular weight up to a np that is 3 or 5 times higher than 
nt and well beyond n,. A second important feature of the 
results is that for samples where the molecular weight of 
the tracer is the same, the onset molecular weight, where 
D, makes a crossover to the asymptotic value D,", does not 
seem to change much with matrix concentration. Since 
the conventional reptation model locates this crossover at 
np N n, and n, is strongly concentration dependent, one 
would have expected such a concentration dependence of 
the crossover molecular weight. According to our theory 
the crossover takes place at np n,, which is concentration 
independent. Also here it is observed that the self-diffu- 
sion coefficient is always larger than the asymptotic tracer 
diffusion coefficient, by a factor of 2-3. This compares well 
with our result D ,  = 20," in the long-chain limit. 

In summary, one can say that the experiments, except 
those of Green et al.,18J9 show that the constraint release 
process contributes significantly to the tracer diffusion 
coefficient, unless the matrix molecular weight is signifi- 
cantly higher than that of the tracer. Another difference 
between our results and the corresponding results of the 
phenomenological models is found in the limit of a very 
large tracer polymer, surrounded by smaller, but already 
entangled, matrix polymers. But here it is likely that the 
difference is explained by the different concentration re- 
gimes, for which the theories are made. 

Phenomenologically, the motion of a long tracer polymer 
in a melt of much shorter, but nevertheless already en- 
tangled, matrix polymers has been treated'l as Stokes- 
Einstein diffusion, 

11 I 

0 0.5 

0 1 2 3 
Igt np/nc 

-6 -1 

Figure 5. Dt as a function of np, for various values of ntlnc. 

In another study, Antonietti et a1.22 have measured the 
tracer diffusion coefficient in melts consisting of linear 
polymers but also the diffusion of a linear tracer in a 
cross-linked matrix. Since in a cross-linked matrix con- 
straint release is not possible, it is tempting to identify the 
tracer diffusion coefficient in the cross-linked matrix with 
D,", the hypothetical diffusion coefficient of a tracer in a 
frozen matrix. Indeed, it is found that the tracer diffusion 
coefficient in the linear matrix approaches the value for 
the cross-linked matrix, in the limit of a large molecular 
weight of the linear matrix. But again, in contrast to the 
expectations from the reptation model, it is found that a 
matrix influence on D, is observable for matrix molecular 
weights well beyond the critical molecular weight. The 
dependence of D, on the matrix molecular weight roughly 
can be described as D, - n;' for np < n,. At  n, N np the 
np dependence becomes weaker and finally seems to ap- 
proach a constant value, D,". For all samples it is found 
that the self-diffusion coefficient is larger than the 
asymptotic tracer diffusion coefficient, D, > D,". All these 
results show that the constraint release mechanism is im- 
portant for high molecular weight samples and only be- 
comes negligible when the matrix molecular weight is much 
larger than the tracer molecular weight. Antonietti et al. 
also observe that the onset of reptative motion takes place 
for relatively short tracer polymers, provided that the 
molecular weight of the matrix is larger than the critical 
one! The estimates, given in the paper, agree well with our 
condition for the "reptative state" region in Figure 2: np 
2 n, and n, 3 lI2nc. 

So far, all experiments that we have discussed, have been 
performed in melts. Strictly speaking, since our theory 
has been developed for semidilute solutions only, it might 
be questionable whether its results can be compared to 
experimental results obtained in melts. But on the other 
hand, it is our opinion that reptation, defined here as the 
freezing in of lateral motion, is basically determined by the 
topology of the system. Since this is the same in melts and 
in semidilute solutions, there should be not much differ- 
ence in the behavior of both kinds of systems with respect 
to the essential reptation phenomena. Indeed, one finds 
that experiments of Kim et al.23 on semidilute solutions 
fit well into the picture, which we have already obtained 

(5.2) 

where R, - n;I2 is the gyration radius of the tracer 
molecule and qp - np3 is the shear viscosity of the en- 
tangled matrix. In contrast, our result for the same situ- 
ation, eq 4.11, takes the form of Rouse-like diffusion. The 
technical reason for this result can be traced back to the 
way the dynamic four-point correlation function in eq 2.11 
was treated. There we simply factorized this function into 
a product of single-chain dynamic structure factors, neg- 
lecting the possibility of collective modes in the matrix 
around the tracer polymer. It was suggested that this 
approximation should be appropriate for the semidilute 
regime, but for a melt the situation would be different. 

One should also remember that we have assumed from 
the beginning a complete screening of the hydrodynamic 
interaction in the solvent. Again the reason is a technical 
one, since a long-ranged hydrodynamic interaction would 
not allow for the separation of curvilinear density fluctu- 
ations and topological form fluctuations in section 111. But 
the consequence is that our result cannot be extended to 
the dilute limit, where the Zimm formula should be ob- 
tained. 

So far we have concentrated the discussion of the results 
on the molecular weight dependence of the tracer diffusion 
coefficient, and we have not talked about concentration 
dependence. The reason is that molecular weight depen- 
dence is generally believed to be a much more universal 
property than concentration dependence. For example, 
the self-diffusion coefficient shows n-2 dependence in 
semidilute solutions as well as in melts. Obviously this 
behavior is only determined by the topological structure 
of both kinds of systems and not by the details of the 
interaction law. But the concentration dependence, and 
also the temperature dependence, will strongly depend on 
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such details. In our theory, concentration dependence 
enters via the effective single-segment friction coefficient 
Hc) and the interaction parameter d c ) ,  eq 2.15. Naturally, 
both parameters are also temperature dependent. A 
calculation of these parameters will only be possible for 
idealized situations. For semidilute solutions de Gennes 
obtainede {(c) - c1/2, and from des Cloizeaux’ worku one 
obtains cp(c) -c1/4 in the long-chain limit. But the samples 
of the experimentalists do seldomly correspond to such an 
asymptotic limit, and therefore one should not be surprised 
if one finds rather smooth curves for the concentration 
dependence, instead of well-characterized power laws. 
And, although molecular weight dependence seems to be 
more universal, our own results, as seen in Figures 3 and 
4, indicate that, also with respect to molecular weight 
dependence, one has to be cautious. The crossover regimes 
are quite extended and might easily simulate a power-law 
exponent which is smaller than the one that would be 
expected according to the scaling theories. But all such 
discrepancies between experimental results and the results 
of the phenomenological tube or reptation model should 
not be interpreted as evidence against the reptation 
mechanism. It only shows that the mathematical reali- 
zation of this reptation picture has been too simplified. 
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Appendix 
Here we want to obtain the complete form of the 

functional derivative 6/6r(si), expressed as a derivative with 
respect to r(li) and with respect to the contour length l(si). 

From eq 3.3 and 3.6 we obtain 

The derivative of the 6 function in (A3) is 

Using now eq A2 we obtain 

With eq A5 and A2 the functional derivative 6/6r(s, 
comes 

A5) 

be- 

+ 

(A6) 
It will also be valuable to know the derivative of r(si? with 
respect to the new degrees of freedom, r(li) and &si). These 
are 

and 

The nonlocal term in eq A6 reflects the fact that under 
the constraint of constant length, a variation in r(si) will 
also result in a displacement of r&?,  for li’> &si). This 
nonlocal coupling is especially pronounced at points where 
the radius of curvature is small, i.e., where df(si)/dsi is 
large. 
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